The usefulness of a quantum system as a sensor is given by the quantum Fisher information (QFI) which quantifies the sensitivity of its quantum states to perturbations. In particular, for unitary perturbations useful quantum states are necessarily coherent. Quantum enhanced sensing with many-body states relies on multipartite entanglement (MPE), and therefore QFI is used as an entanglement witness. Here we show that for systems with a fixed local charge (for example fixed density) the connection between QFI and MPE simplifies. In this case, QFI can become a "faithful witness" of MPE, as a consequence of the emerging direct relation between MPE and coherence in a quantum state, and coherence (as quantified by relative entropy) becomes a faithful upper bound for the relative entropy MPE. When the local charge is not fixed but conserved, QFI becomes a faithful witness of multipartite quantum discord (i.e. quantumness) and coherence becomes its faithful upper bound. Analogously, we show how the bipartite entanglement (BPE) of a fixed-charge state can be witnessed by the QFI related to unitary perturbations of the bipartition, while the corresponding "block coherence" (i.e., charge asymmetry between partitions) serves as a lower bound on BPE of formation. As estimating QFI is difficult for mixed states of open quantum systems, we adapt a recently introduced protocol that measures QFI of pure states and provides a lower bound for the QFI in open systems. When conservation laws are present, this lower bound can also be a faithful witness of MPE, and furthermore a lower bound of a BPE measure. We illustrate these general results with an application to the problem of detecting the growth of entanglement in a many-body localised system with and without dissipation.
Classical phases of matter are often distinguished by observable order parameters, such as densities or magnetisations, and by the properties of their fluctuations [1] . For quantum matter, it has been shown that the entanglement properties of quantum states are reliable indicators of quantum phase behaviour, both for quantum phase transitions in the ground state [2, 3] and for excited state phase transitions, such as for example the one that leads to many-body localisation (for reviews see [4] [5] [6] ). While entanglement encodes the properties of quantum fluctuations, in contrast to classical order parameters, measures of entanglement [7] [8] [9] [10] [11] such as the entanglement entropy are generally not directly observable, except through full quantum tomography [12] . Entanglement is also a necessary resource for quantum information protocols [13] . This means that the success of performing a given quantum protocol can be used to determine the presence of entanglement, that is, can be used as a witness of entanglement -in the corresponding quantum state.
Quantum metrology refers to the possibility to decrease estimation errors beyond those set by the classical central limit theorem [14] [15] [16] . This enhanced scaling is only due to the presence of quantum correlations associated to multipartite entanglement (MPE) of the quantum state being probed. The sensitivity of a quantum state to perturbations of the parameter being estimated, and thus the usefulness of the state as a quantum sensor, is quantified by the quantum Fisher information (QFI) [17] [18] [19] . This establishes a connection between enhanced parameter estimation and MPE, and therefore QFI is often used as an entanglement witness. A complication that arises in the most general case is that QFI guarantees the presence of MPE only when its value exceeds a separability threshold that scales with the system size. This is especially a problem for mixed states, where the noise that leads to mixedness of the state contributes to estimation errors, possibly decreasing the QFI below the threshold even when entanglement is present.
In this paper we show that for systems with a fixed charge, for example when number of particles is fixed, the connection between QFI and MPE simplifies when unitary perturbations of quantum states are considered. In this case, for appropriately chosen parameter encodings, the separability threshold of the QFI vanishes, and the QFI can become a faithful witness of MPE, i.e., the presence of MPE is always manifested in a non-zero QFI. Furthermore, a quantitative relation emerges between relative-entropy monotone of MPE [8, 9] and the relative entropy coherence [20] [21] [22] [23] [24] of a quantum state, with the latter serving as a faithful upper bound for the former, cf. [25] [26] [27] . Similarly, for systems with conserved charge, i.e. when the state is block-diagonal with respect to different charge values, coherence becomes a faithful bound on multipartite discord (MPD), i.e. quantumness [28, 29] , and for appropriately chosen encodings, the QFI can become its faithful witness. Furthemore, for systems with a fixed charge also bipartite entanglement (BPE) can be witnessed at a zero threshold by the QFI for a unitary perturbation of a subsystem in a given bipartition. The corresponding "block-coherence", i.e. the asymmetry of charge difference between subsystems in the partition, as quantified by the relative entropy [20] [21] [22] , is a lower bound on the BPE of formation [7, 10, 30, 31] , which for a pure quantum state is given simply by the entanglement entropy, i.e. the von Neumann entropy of a reduced subsystem state.
The connection between entanglement, coherence and QFI for systems with particle conservation that we present here is easy to establish, but to our knowledge it has not been presented in a unified manner before. Nevertheless, its implications are important in practice.
Take for example the case of disordered quantum many-body systems that display a thermal to many-body localised (MBL) transition driven by the strength of the quenched disorder [4] [5] [6] . Here, the entanglement characteristic of many-body eigenstates serves to distinguish between thermal and MBL phases: in the bulk of the spectrum thermal eigenstates have bipartite entanglement, as measured by the entanglement entropy, that scales with the size of the partition ("volume law") -as they are believed to obey the eigenstate thermalisation hypothesis [? ] ; for MBL eigenstates, instead it scales with the size of the boundary of the bipartition ("area law"). Nevertheless, in the MBL phase, the entanglement entropy of an initially separable state grows slowly (logarithmically in time) towards an asymptotic value that scales with volume, a feature that distinguishes MBL from the noninteracting case of Anderson localisation. Since the entanglement entropy is not directly observable there have been attempts to connect it to observable quantities for closed (i.e., non-dissipative) systems. These observable proxies have included fluctuations in the number of particles within the partition [32] , diagonal entropies [33] , and QFI itself [34] . There are a number of problems with connecting these observables to bipartite entanglement: in Ref. [32] logarithmic growth is observed on a much shorter time regimes than that of the entanglement entropy, in Ref. [33] the logarithmic growth is absent, and in Ref. [34] the QFI, while growing logarithmically, does not usually exceed the separability threshold. For systems with a conservation of density the relation between these approaches is clarified by our results here from the emerging connection between coherence and entanglement. Figure 1 illustrates the connection between coherence and entanglement in systems with conserved charge that we exploit to obtain our results. When a charge Q is conserved it commutes with the state ρ of the system, [ρ, Q] = 0. In such case, ρ is block diagonal (indicated as light blue squares in Fig. 1 ) with each block corresponding to a charge eigenspace (with q, q , etc. indicating the values of Q). For the special case of fixed charge, such that Qρ = ρQ = qρ, the state is a single block in the q-eigenspace. When the charge is a local operator, Q = N k=1 Q (k) , where the k indicate local subsystems (with Q (k) non-degenerate for each subsystem) we have a unique definition of the separable basis without coherence. Such separable states are indicated by dark blue squares in Fig. 1 . As we show in the sections below, when the charge Q is fixed any amount of coherence in this basis faithfully implies the existence of MPE in the state. Correspondingly, when the charge is conserved, any coherence faithfully implies MPD.
The same ideas can be adapted to consider entanglement or discord between parts A and B in a bipartition of the system. Within each block of total charge q we can represent the state in terms of the charges q A , q A , etc., within partition A, cf. Fig. 1 , where Q (A) ≡ k∈A Q (k) and Q (B) ≡ k∈B Q (k) = Q − Q (A) . The partition charges Q (A) are in general no longer non-degenerate for identical subsystems. Nevertheless, we show below that the coherence between blocks (or asymmetry) with respect to Q (A) -eigenspaces implies either BPE, for fixed charge, or BPD for conserved charge, cf. Fig. 1 .
The paper is organised as follows. In Sec. II we introduce the coherence monotones and describe methods based on Refs. [35, 36] which allow in principle to access them experimentally. In Sec. III we briefly review approaches for witnessing MPE by measuring the QFI. Sections IV onwards contain the main results of the paper. In Sec. IV we show that when conservation laws are present different subsets of coherences, i.e. asymmetry, can be connected to different forms of entanglement (for fixed charge) or discord (for conserved charge). This means that the choice of observables or perturbations associated to these coherences is crucial in order to make manifest the true behaviour of multipartite and bipartite entanglement (or discord). Importantly, we show how these connections between coherence and entanglement/discord hold both in closed and open systems, i.e., systems isolated from or interacting with an environment. In Sec. V we make these relations quantitative by showing how coherence and asymmetry monotones can serve as bounds on entanglement monotones, and thus how lower bounds on the amount of entanglement (the convex roof of negativity [37, 38] ) can be accessed experimentally. In order to illustrate our results and make them concrete. Throughout the paper we illustrate our results with the example of estimating the presence and evolution of entanglement in a many-body localised system, both when it is isolated and when it evolves in dissipatively due to interaction with a dephasing environment. The details of the system and discussion of our results in the context of MBL are discussed in Sec. VI. We end with a brief conclusion and outlook in Sec. VII.
II. MEASURABLE COHERENCE
Enhanced quantum protocols rely on two properties, the possibility of creating superpositions between states in the computational basis, and the entanglement between subsystems. In what follows consider coherence with respect to a basis {|i : i = 1, . . . , D}, where D is the dimension of the Hilbert space, see e.g. [20] [21] [22] [23] [24] . If the state of the system is described by a density matrix ρ, coherence is related to non-vanishing off-diagonal terms ρ in this basis, i.e. the possibility of creating superpositions. In the following two subsections we describe how to quantify coherence and discuss methods to access it experimentally via lower bounds on it. , and Q (k) is non-degenerate for each subsystem, and thus uniquely defines the separable basis without coherence (dark blue squares). As we show in Sections IV B and IV C, when the charge Q is fixed or conserved, any coherence in this basis (faithfully) implies MPE or MPD, respectively. Furthermore, when the system is divided into to parts A and B, the local charges, Q (A) ≡ k∈A Q (k) , are no longer non-degenerate for identical subsystems. Nevertheless, the block-coherence (asymmetry) with respect to Q (A) -eigenspaces (blue) still implies BPE or BPD when the charge Q is fixed or conserved, respectively, as we show in Sec. IV D.
A. Coherence monotones
Coherence monotones are convex functions of a quantum state which attain a value of zero only for diagonal (incoherent) states, and which are strongly nonincreasing under application of incoherent operations that preserve the set of diagonal states both on average and probabilistically [23] . For a review see for example Ref. [39] . Examples of coherence monotones include the following:
One of the coherence monotones that fulfils the axioms of resource theory of coherence with incoherent operations [23] is the L 1 -norm,
While l 1 (ρ) is a monotone of coherence, being nonpolynomial in ρ means it cannot be directly related to observations. It is known, however, that, when the state ρ is pure, the quadratic fluctuations,
, of an observable M diagonal in the computational basis are necessarily induced by coherence. For mixed states coherence can be related to the curvature [35, 36, [40] [41] [42] [43] (see also Sec. II B below),
where m i is the i-th eigenvalue of M . In general
The curvature can increase under permutations, which belong to the set of incoherent operations, and thus is not a coherence monotone [44] . The curvature is, however, related to the L 2 -norm, l 2 (ρ), conjectured also to be a coherence monotone [45] ,
where
It is known, however, that the square of the norm, l 2 2 (ρ), can increase under incoherent operations and thus is not a coherence monotone [23] . For pure states l 2 (ρ) is related the state purity [46] 
of the incoherent diagonal state, (ρ diag ) ij = ρ ij δ ij , and for mixed states we have
Therefore,
with the inequality saturated for the uniform state. In contrast,
which can scale with the system size. However, through this relation between the L 2 and the L 1 -norms, the l 1 -coherence can be bounded by the purity of the state [45, 47] . The lack of dependence on the system size of the lower bounds l 2 (ρ) and [C(M, ρ)] 1/2 /∆M of the l 1 -coherence, cf. Eq. (4), can be partially remedied by exploiting multiple quantum coherence (MQC) spectra [48] [49] [50] with respect to the M observable, which can be experimentally also accessed for many-body systems [35, 36, 48, 51, 52] (see also Sec. II B below),
with the second moment of the spectrum corresponding to the curvature, m m 2 I m (ρ) = C(M, ρ), cf. Eq. (2). Therefore, from the inequality between L 1 and L 2 norms (4), we have
where we have defined
In general, as I m (ρ) < 1, we have that the experimentally accessible lower bound fulfils l
, where d is the number of possible values of differences m between M eigenvalues. Therefore, although the scaling of l block 1 (ρ) is limited to d, it enables to certify experimentally the growth of coherence as the system size changes.
Similarly, if we define
wee see that the curvature is also a lower bound on the L 2 -norm,
2. Relative entropy of coherence
Another type of coherence monotone can be defined as a bona-fide distance of a given state ρ from the set of incoherent, i.e. diagonal, states [23] . For example, if we choose as distance the relative entropy S(ρ||σ) ≡ Trρ log 2 ρ − Trρ log 2 σ ≥ 0, we have [20] [21] [22] [23] 53] ,
where S(ρ) = −Trρ log 2 ρ is von Neumann entropy. This is a consequence of the closest state from the incoherent set being ρ diag , since for any other incoherent state
, where the equality follows from the fact that ρ diag and σ diag share the same eigenbasis. The relative entropy of coherence C(ρ) has direct operational interpretation as it corresponds to distillable coherence, i.e. the rate at which maximally coherent qubits can be asymptotically distilled from many copies of ρ by using an incoherent operation [54, 55] . In Sections V A and V B below we show how the relative entropy of coherence can be related to measures of multipartite entanglement and multipartite discord. When the state ρ is pure the relative entropy of coherence can be accessed experimentally by measuring occupation in the basis {|i }
. However, for mixed states it cannot be easily accessed, as S(ρ) cannot be measured directly in general, with a few exceptions such as non-interacting fermions [56] .
Coherence of formation
Any coherence monotone which is well-defined for pure states, can be extended to mixed states via a convex roof construction [54] . For the case of relative entropy coherence, Eq. (15), we obtain the coherence of formation [20, 54, 55] ,
where j p j |ψ j ψ j | = ρ is a pure state decomposition of ρ. The coherence of formation also can be interpreted operationally as the coherence cost, i.e. the rate at which maximally coherent qubits need to be supplied to create ρ in the asymptotic limit by using an incoherent operation [54, 55] . Note that both the distillable coherence and the coherence cost are additive under tensor product, in contrast to the l 1 -coherence, and thus are termed coherence measures [39] .
Asymmetry measures
In a case when not all basis states |i {|i : i = 1, . . . , D} are distinguishable, e.g. due to degeneracy of a system Hamiltonian, the amount of coherence between distinguishable subspaces can be quantified with the resource theory of asymmetry as [21, 22, [57] [58] [59] ,
where ρ block is obtained from ρ by removing all coherences (i.e. dephasing) between the different distinguishable subspaces. In particular, in the non-degenerate case [44] we recover A(ρ) = C(ρ), cf. Eq. (15). It is not known whether, for M chosen as the system Hamiltonian, the related quantities l For a system state ρ being a result of dynamics from |ψ0 (steps 1. and 2.), its coherence with respect to the eigenbasis of an observable M , can be accessed by unitary perturbation encoding a phase φ (step 3.), followed by a measurement (step 4. and 5.) of the overlap between ρ(φ) and the unperturbed state ρ. This measurement scheme can also be used to estimate the encoded phase value φ, and in the case of (non-interacting) closed dynamics it corresponds to Ramsey spectroscopy [60] .
both on average and probabilistically, in analogy to incoherent operations [23] versus maximally incoherent operations [20] ). Nevertheless, in Sec. V C below we show we show how both these quantities and the relative entropy of asymmetry can be related to bipartite entanglement monotones.
B. Measuring the MQC spectrum and the curvature experimentally
We now briefly explain the methods of [35, 36, 48, 51 ] to obtain the curvature (2) and MQC (10).
Protocol
Let the state of interest ρ be a result of certain quantum dynamics from an initial pure state |ψ 0 , i.e. ρ = Λ(|ψ 0 ψ 0 |) with a quantum channel (a completely positive and trace-preserving map) Λ. For closed time-homogeneous dynamics, Λ t (·) = e −itH (·)e itH corresponding to coherent evolution with Hamiltonian H for time t. For for time-homogeneous open (i.e., nonunitary) dynamics, the evolution operator is Λ t = e tL , where the superoperator L (often called Lindbladian) is the generator in the Master equation for ρ [61, 62] 
with
where L j are the jump operators. The protocol consist of the following steps, see Fig. 2 
In the case when Λ corresponds to time-homogenous unitary dynamics, step 4 corresponds to inverted system evolution [52, 63] , i.e. evolution with Hamiltonian −H. This is also the case for open dynamics with Hermitian jumps L † j = L j , e.g. dephasing, or with a set of jumps invariant under Hermitian conjugation, L † j = L j , e.g. infinite temperature environments, see also Appendix A. The usefulness of the method for many-body systems relies on the fact that the initial pure state |ψ 0 is usually assumed classical, i.e. a product of individual subsystem states, while the prepared state ρ can be entangled. Thus, |ψ 0 is an eigenstate of certain subsystem observables, e.g. magnetisation of individual spins in a given direction. It then follows that the final measurement of the overlap can be implemented by measuring the subsystem observables [35, 36, 51, 52] . The method can be easily generalised to a mixed initial state preparation, as we describe in Appendix A.
Obtaining the MQC spectrum
Since F (φ) = Tr[ρ ρ(φ)], we have from (10) that
Therefore, the MQC for M can be accessed by Fourier transform of F (φ). For a system of N 1/2-spins and the choice of M as total spin magnetisation [36, 51, 52] , the Fourier transform of F (φ) requires performing the protocol for N values of φ = 2π k/N , k = 1, ..., N . For a classical initial state, each protocol requires measurement of N individual spin magnetisations, which gives O(N 2 ) measurements. In order to reconstruct ρ ij in the full state tomography O(3 N ) measurements of individual spin magnetisations in all directions are required [12] .
Obtaining the curvature
The absolute value of the curvature of F (φ) corresponds to [35, 36, 40, 42] ,
For a pure state ρ = |ψ ψ| we have F (φ) = | ψ|ψ(φ) | 2 , cf. Fig 2, and thus Eq. (21) directly quantifies the speed in Bures metric, as well as speed of decay in the probability of measuring ρ in ρ(φ) [64] . (We note that a different method for accessing the curvature C(M, ρ) by measuring the overlap of two copies of a state ρ with one of them unitarily perturbed to ρ(φ) was proposed in Refs. [41, 43] . ) When ρ is prepared via open dynamics, it may not be possible, due to dissipation, to implement unitary phase encoding of all φ values. The curvature, nevertheless, should still be accessible if small values φ can be realised, cf. Eq. (21) . A potential problem of using the curvature for a lower bound of l 2 (ρ) and l block 2 (ρ), however, is that the weights (m i − m j ) 2 in C(M, ρ) bias the coherences |ρ ij | 2 . A solution to this is to consider observables whose spectrum does not grow with system size. For example, instead of a magnetisation M of an even number N of 1/2-spins, such a operator could be its parity, P = (−1)
M . The spectrum of P is bounded, ∆P = 2, and all coherences relating to odd differences in magnetisation are equally taken into account, C(P, ρ)/4 = ij |ρ ij | 2 , where ij is restricted to m i − m j odd. Moreover, from P 2 = 1 we have
where Π + and Π − are the projections on the even and odd eigenspaces of M , so that Π + + Π − = 1 and P = Π + − Π − . Therefore, the curvature also corresponds to the protocol with the unitary rotation replaced by the non-demolition measurement of the system parity or the rotation omitted altogether [the first or the second term in (22) , respectively], see also Appendix A.
On the other hand, we note that l block 2
(ρ) can be obtained from the protocol by replacing the unitary rotation with generator M (where M is say a magnetisation), by strong collective dephasing with M (say due to strong fluctuations in the magnetic field), which takes ρ into ρ block and thus F = Tr(ρ 2 block ).
III. WITNESSING COHERENCE AS A PROXY FOR WITNESSING ENTANGLEMENT

A. Witnessing coherence
The success rate of performing a given quantum protocol can be used to certify the presence of a resource required by the protocol. One of the quantum protocols for which coherence is a resource is quantum estimation of a parameter unitarily encoded with an observable M diagonal in the computational basis. The local estimation errors are bounded from below by the inverse of the QFI [14] [15] [16] [17] [18] [19] ,
In particular, if the state is diagonal in the computational basis, so that the measures of coherence are zero, the QFI also equals zero: as there are no non-trivial phases, no information can be encoded unitarily in the state. Furthermore, when M is non-degenerate the QFI can only vanish when ρ is diagonal, and in this case the QFI becomes a faithful witness of coherence, meaning that any non-zero QFI guarantees the presence of coherence. Furthermore, for pure states we have the equalities,
while for mixed states in general we have
so that the curvature, (2), is a lower bound on the QFI [36, 43] . Moreover, for the same reasons as above, the curvature is also a (faithful) witness of coherence (for M non-degenerate), as it can be expressed as
which implies QFI(M, ρ) = 0 if and only if C(M, ρ) = 0, as well as Eq. (25). [Note that for mixed states in a two-dimensional subspace, from Eq. (26), we get that
In contrast, the variance is not a witness of coherence, as fluctuations of observable can be increased by mixedness and be non-zero even in incoherent diagonal states. Finally, the MQCs in (10) are witnesses of coherence which are faithful only as the complete spectrum.
B. Witnessing multipartite entanglement
We consider quantum protocols where a phase to be estimated is encoded unitarily in a quantum state via (sums of) local observables. MPE is a resource in quantum metrology for such phase estimation problem [14] [15] [16] . It is well known that QFI can be used as a witness for MPE as long as it crosses a separability threshold [43, [65] [66] [67] [68] [69] [70] [71] , defined as follows. Consider a system comprising of N identical subsystems with a product state
and an observable
where M (k) acts on subsystem k. Due to the absence of any correlation between subsystems we have that QFI(M N , ρ N ) is simply additive,
and so is the curvature
As the classical correlations do not increase the QFI (or the curvature) due to its convexity, it can be easily shown that the optimal separable state leading to maximal QFI, is the pure product state of individual superpositions of extreme eigenvectors of M (k) . This leads to a separability threshold [14, 15] 
It is illustrative to consider in particular the behaviour of the QFI for the choice of M N as the z-magnetisation
are spin operators for the k-th spin-1/2). The maximum QFI in this case is QFI max (M N ) = N 2 , and achieved for the GHZ state |GHZ ≡ (|0
where |1 denotes an up state and |0 denotes a down state in the z-direction). The super-linear behaviour of the QFI with system size is termed "Heisenberg scaling". The separability threshold for this choice of M N is QFI sep (M N ) = N , and is achieved for the product state 2 −N/2 (|0 + |1 ) ⊗N . This linear behaviour of the QFI with system size is in turn called "standard scaling". Given that QFI witnesses MPE only if it goes beyond the threshold, the fact that the separabiliy threshold scales linearly with size imposes in practice a severe limitation to its usefulness of QFI as an entanglement witness in many situations. This is what can occur for example when attempting to observe log-growth of entanglement in MBL experiments [34] where growth of QFI with time without overcoming the threshold does not necessarily guarantee a comparable growth of entanglement (see also Fig. 3 
below).
Since entanglement is not related to any specific basis, in general it is not obvious which is the ideal choice of local observables M (k) that lead to the maximal value of the QFI, cf. Fig.3 . One needs to in principle consider all the local unitary transformations of the operators M (k) , but nevertheless crossing of the separability threshold is not guaranteed when entanglement is present. Consider for example a Werner state [72] of two qubits (spins-
. From the convexity of the QFI we have QFI(
, where the last equality is achieved for the optimal choice of the observable M 2 as the imbalance in the z direction (or equivalently, the staggered z-magnetisation),
For p ≤ 1/2 the QFI does not exceed the separability threshold, QFI sep (I z ) = N = 2, while it is known that the Werner state of two qubits is entangled for p > 1 3 , as measured e.g. by the concurrence [30] . Interestingly, for pure separable states, i.e. product states, the local unitary optimisation of the observables always leads to the QFI given by the separability threshold. Instead of searching for the optimal set of M (k) , one can consider M N composed from identical M (k) chosen as an element in an orthonormal basis of subsystem observables. The separability threshold for the average QFI (the sum of QFIs over all the elements of the local basis, which is basis-independent) scales both with the system size N and the dimension d of subsystems as N (d − 1), which is the value achieved by all pure separable states [74] . The dual variance criterion [75] helps in a complementary way to detect the entanglement. Alternatively, for spin-1/2 systems the average QFI with respect to the total magnetisation along x-, y-and z-axes, admits the separability threshold equal to 2N , attained by any pure separable state [67] . The separability threshold additionally can be made dependent on the breaking of the permutation symmetry in a quantum state by using the generalised variance [76] .
Alternative to the QFI or the curvature, each individual QMC, I m (ρ), can be used as a witness of MPE, as long as its value is above an appropriate separability threshold [36] . In particular, for a system of N 1/2-spins and M N chosen as its magnetisation, I N can be used as a witness of genuine MPE [77, 78] . For a given system size, the separability threshold for the m-th QMC, I m (ρ), decays exponentially with m [36] . However, in order to perform the Fourier transform to retrieve I m , cf. Eq. (20) , the protocol in general needs to be repeated for N phase values φ = 2π k/N (or more specifically for N = N/n phase values, where n is the greatest common factor of m and N ), cf. Sec. II B. Moreover, as for the QFI, when ρ is entangled, optimising the local observable M N does not necessarily guarantee that any of I m (ρ) crosses the corresponding separability threshold. For the example of the Werner state ρ W , we have that I m (ρ W ) = p 2 I m (|Ψ − ), m = 1, 2, and thus = 1/16 [36] , the entanglement is detected by I 2 (ρ W ) only for p > 1/2, while ρ W is entangled for all p > 1/3.
C. Witnessing multipartite discord
The weakest quantum correlations which can be present even in separable quantum states correspond to quantum discord [79] [80] [81] . In particular, for multipartite discord [28, 29] , also referred to as quantumness, the classical states (i.e., those without MPD) can be characterised as diagonal in some orthogonal separable basis. Therefore, the minimal coherence with respect to all separable bases can be used as a witness of multipartite discord [25] [26] [27] 82] (formally with zero threshold). This manifests the fact that for classical states all the contributions to the coherence are local, and therefore can be removed by an appropriate choice of the local basis. Actually, the QFI of non-degenerate observables with fixed spectrum minimised over local choice of basis can be viewed a measure of multipartite discord [83, 84] , and so is the minimum coherence quantified by the relative entropy [25] [26] [27] [28] 82] . In particular, for thermal states non-local coherence can also be related to difference between response and fluctuations of an observable, which are easily accessible in experiment [85] .
Finally, we also note that QFI can be considered a measure of quantum macroscopity [86] , see also [40, 42] for the relation to curvature.
IV. VANISHING SEPARABILITY THRESHOLDS FROM FIXED OR CONSERVED LOCAL CHARGE
We now derive the first set of our main results showing how coherence implies MPE for states with fixed local charge, and MPD for states with conserved local charge. In sections IV B and IV C we demonstrate how, with an appropriate choice of observables, the QFI and the curvature become faithful witnesses of MPE or MPD with separability threshold equal zero, cf. Sec. III B. In Sec. IV D we further discuss how by appropriate choice of observables, also bipartite entanglement, or quantum discord, can be witnessed with zero threshold when a local charge is fixed, or conserved, respectively. We finish this section by extending the discussion to witnesses of genuine multipartite quantum correlations in IV E and to the relation with superselection rules in IV F.
A. Definition of fixed and conserved local charge
In this work we consider the state of a multipartite quantum systems with a fixed or conserved charge. A charge is understood to be a system observable Q. We refer to Q as local when it is a sum of subsystem observables, Q = k Q (k) , e.g. a total magnetisation of a spin-1/2 chain along z-axis. When a quantum state ρ is supported within only a single eigenspace of Q, Qρ = ρQ = q ρ, we say that that this state is of a fixed charge q, see Fig. 1 . When the state features no coherences between different eigenspaces of Q, [ρ, Q] = 0 (without necessarily Qρ = q ρ), i.e. no asymmetry with respect to Q, we say that a quantum state is of conserved charge, see Fig. 1 .
We start with some definitions for what follows. In time-homogenous closed dynamics, the state of the system at time t is ρ t = e −itH ρ 0 e itH where ρ 0 is the initial state and H the Hamiltonian of the system. When H conserves a charge Q, [Q, H] = 0, ρ t is of a fixed (conserved) charge whenever ρ 0 is of a fixed (conserved) charge. In the case of time-homogenous open dynamics with a master equation Eq. (18) and generator L given by Eq. (19) , when the charge is conserved by the dynamics, L † (Q) = 0, a fixed (conserved) charge of an initial state ρ 0 is also a fixed (conserved) charge of ρ t [87] . 
B. Fixed local charge and witnessing multipartite entanglement
Any additional information about the class of states ρ available for parameter estimation can be used to refine the separability threshold, as it should be computed for the class of separable states consistent with that information.
First, let us consider systems of a fixed charge Q, i.e. Qρ = q ρ. Note that for a mixed state, ρ = j p j ρ j with probabilities p j , a fixed charge implies that Qρ j = qρ j for all terms. This follows from the fact a fixed charge implies that Var(Q, ρ) = 0, but we also have
which together give
so that
In particular, a separable state is of the form ρ sep = j p j ρ j where
are product states. Convexity of QFI thus implies that the optimal separable state with a fixed charge for parameter estimation will be one without classical correlations between the subsystems k = 1, . . . N , and thus the separability threshold for local observables will still be additive, cf. Eq. (31). When the charge Q is local, Q = N k=1 Q (k) , however, we have for product states that
This means that Var(Q, ρ sep ) = 0 implies fixed charge locally, i.e. for each of the states
In particular, when the operators Q (k) are non-degenerate, e.g. a single-spin magnetisation, this implies that
, and all ρ j are elements of one basis of the Hilbert space of the system.
In other words, in the case of non-degenerate operators Q (k) , all separable states are always diagonal and with zero coherence in this basis, and thus the corresponding QFI (for diagonal observables) is also zero [89] , cf. Fig. 1 . As a consequence the separability threshold vanishes, cf. Eq. (31) 
, both the QFI and the curvature become faithful witnesses of MPE. We further discuss the degenerate case when considering bipartite entanglement in Sec. IV D.
A similar situation is encountered for MPD (quantumness) [28, 29] where the classical states can be characterised as diagonal in some separable basis, so that minimal coherence is zero. In particular, when non-classical states are pure they are necessarily entangled, and thus non-zero minimal coherence becomes also the witness of MPE [25] [26] [27] 82] . Even assuming pure states, in order to witness MPE it is still necessary to optimise over all the observables. As all correlations in pure states are quantum (or equivalently, pure separable states are always product states and thus feature no correlations) a much simpler protocol for measuring correlations in observables between subsystems (e.g. correlations in magnetisation) can be used to detect entanglement for pure states. In the presence of fixed local charge, even if the state is mixed, all the contributions to the coherence in the computational basis are non-local and corresponding to entanglement, which removes the need to optimise over all observables.
C. Conserved local charge and witnessing multipartite discord
Let us stress that a fixed value of the charge Q is essential for the coherence to imply MPE and the separability threshold to disappear. In general, a separable state ρ conserving the local charge, i.e. [Q, ρ] = 0, can be coherent. Consider for example Q being the total magnetisation of N 1/2-spins and symmetrisation of the separable stateρ
where |ψ(p) = √ p|0 + √ 1 − p|1 . For N = 2 spins we have that
with coherence l 1 (ρ 2 ) = 2p(1 − p) in the computational basis, while in general
and
Another example is given by the Werner state ρ W , which is invariant under all local transformations
, thus implying conservation of all local charges. We have non-zero coherence for all p > 0, as
The above examples shows that in the presence of local charge conservation coherence in the computational basis is present if and only if a state features multipartite discord (rather than MPE), as all the contributions to the coherence in the computational basis are non-local, cf. Fig. 1 .
In general from the conserved charge, [Q, ρ] = 0, it follows that the state eigenbasis, ρ = i λ i |λ i λ i | can be chosen as eigenvectors of Q. We will show that for any classical state ρ cl , i.e. without multipartite discord, conservation of local charge Q = N k=1 Q (k) (such as say, total z-magnetisation in a spin system) implies that
and therefore an eigenbasis of classical states can be chosen composed of tensor products of Q (k) -eigenvectors, e.g. spins up or down. A classical state is diagonal in some orthonormal separable basis, i.e. ρ cl = ī λī|λī λī|, whereī = (i 1 , ..., i N ) and |λī = |e
being an element of an orthonormal basis in k-th subsystem, k = 1, ..., N [28] . From charge conservation, [Q, ρ] = 0, we can write
cf. Eq. (26), features contributions only fromī andj differing at a single position, as
while for the same index (λī − λī) 2 = 0. Moreover, when the indices differ at the k-th position,ī −j = (0, ..., 0, i k −j k , 0, ..., 0), we only have a contribution from k-th subsystem, λī|Q|λj = λī|Q (k) |λj . Therefore,
and thus from positivity of curvature we arrive at
or equivalently Eq. (40).
When the conserved charge is locally non-degenerate, i.e. Q (k) are non-degenerate [e.g. a single-spin magnetisation], the basis defined by the tensor product of Q (k) eigenvectors is unique. By choosing this basis as the computational basis, all classical states that conserve Q are diagonal, and thus feature no coherence. In particular, the examples of ρ W andρ N are necessarily discordant (for p > 0 and 1 > p > 0, respectively). Furthermore, as all diagonal states in this basis are classical, we conclude that: a quantum state with conserved charge is coherent if and only if it is discordant Therefore, both the QFI and the curvature of nondegenerate observables diagonal in the computational basis, become faithful witnesses of multipartite discord , and usual minimisation over observables is no longer necessary.
D. Witnessing bipartite quantum correlations
We now discuss how bipartite quantum correlations, i.e. entanglement or quantum discord, between two parts of a quantum system with a fixed or conserved local charge are related to the asymmetry of the charge difference between the two parts.
We consider a system composed of N subsystems, which we divide into two groups labelled A and B and refer to as the subsystems A and B. Even if individual local charges, Q (k) , are non-degenerate, the charges for the A and B parts,
respectively (e.g. the magnetisations of the two parts of a spin chain) are in general degenerate. We will show that this degeneracy leads to asymmetry, rather than coherence implying BPE and BPD, see Fig. 1 . 
j ), so that Therefore, the corresponding QFI and curvature are witnesses of BPE with zero separability threshold (and they perform equally good, as the non-zero QFI implies the non-zero curvature, cf. Eq. (23) and (26)), see Fig. 4 .
We note, however, that a bipartite-entangled state does not need to feature asymmetry, but can be entangled within individual blocks, e.g. | Ψ − ≡ (|10 ⊗ |01 − |01 ⊗ |10 )/ √ 2 is a Bell |Ψ − -like state within the (0, 0)-magnetisation block. Therefore, the QFI and the curvature for block-diagonal observables are in general not faithful witnesses, as they do not detect entanglement inside blocks. However, note that for a general local observable M N , the AB-separability threshold corresponds to a tensor product of maximally entangled states on the subsystems which in general scales quadratically in system size, e.g. for M N being staggered z-magnetisation and a half-chain partition we obtain N 2 /2 (and thus other methods may be more straightforward [90, 91] ). This threshold is unchanged by a fixed total z-magnetisation, as the optimal bipartite-separable state for the halfchain partition is (|0101..01 + |1010..10 ) ⊗ (|0101..01 + |1010..10 )/2 (for even N ), which exploits only coherence inside Q (A) and Q (B) eigenspaces. In contrast, by choosing a block-diagonal observable the AB-separability threshold is reduced to zero, cf. Fig. 4(a) . and Q (B) , cf. Sec. IV C. Equivalently, a separable orthonormal basis with fixed charge is not uniquely defined, and thus classical-classical states can feature coherence only within individual blocks, i.e. no asymmetry [and this coherence can be removed by minimisation over local bases within Q (A) and Q (B) eigenspaces]. Therefore, analogously as in the fixed charge case, a QFI and curvature for block-diagonal observables are witnesses of symmetric BPD, which illustrates the fact that in the presence of charge conservation, a subsystem charge asymmetry implies symmetric bipartite discord , cf. Fig. 1 .
Again, in general those witnesses are not faithful, as bipartite symmetric discord can correspond to quantum correlations only inside blocks, e.g. a Werner-like statẽ ρ W = (1 − p)1/4 + p|Ψ − Ψ − | where1 is the identity operator on (0, 0)-magnetisation subspace, is discordant for p > 0. Moreover, note that even thoughρ W is of fixed charge (zero total magnetisation), it is bipartite entangled only for p > 1/3. This illustrates that, in contrast to the multipartite case, bipartite-discordant states with fixed charge are not necessarily bipartite-entangled. Only the quantum correlations leading to asymmetry of a subsystem charge necessarily correspond to bipartite entanglement when the charge is fixed.
Witnessing asymmetric bipartite quantum discord from conserved charge
In Appendix B we prove that also for any bipartite classical-quantum state, ρ
]. Therefore, also quantum-classical states are block-diagonal with respect to Q (A) and Q (B) , cf. Fig. 1 . Therefore, QFI and curvature for block-diagonal observables also witnesses asymmetric BPD. We note that in contrast to classical-classical states, by further minimisation over local bases within the blocks, only the coherence within A subsystem can be removed [83, 84] .
E. Witnessing genuine multipartite quantum correlations
Note that any witness of bipartite entanglement/discord can be used as a witness of genuine multipartite entanglement [77, 78] or genuine multipartite discord [92] , when bipartite entanglement or bipartite discord, respectively, is detected across all bipartitions of a system, see e.g. [91] . Therefore, the QFIs and the curvatures of appropriate block-diagonal observables for each bipartition are witnesses of genuine MPE and genuine MPD.
More generally, k-separable states are defined as probabilistic mixtures of separable states over different partitions (or k-partitions) of the system into k parts (in particular genuine entangled states are not 2-separable), so that k-entangled states can be witnessed by witnessing entanglement in all possible k-partitions of the system. For states with a fixed local charge this can be done by detecting coherence between blocks given by tensor products of eigenspaces of appropriate k local charges, for every k-partition.
We note that a related notion of depth of entanglement, with k-producible states featuring entanglement between at most k subsystems [93, 94] , can in general be detected by the QFI of a local observable with the kproducibility threshold [for (k+1)-depth of entanglement] given by kN [66, 67] , so that genuine MPE corresponds to a (N−1)N threshold. These thresholds in general remain unchanged for k > 2 in the presence of fixed or conserved charge due to the charge degeneracy within the parts of k-partitions, cf. the bipartite case with fixed charge above (with the threshold corresponding to N/2-producible state). However, by considering all partitions with the parts consisting of at most k-subsystems, when the related "block"-coherences are present for all such partitions (k+1)-depth of entanglement is certified, and thus the corresponding QFIs and curvatures can be used as its witnesses.
F. Superselection rules, entanglement and QFI
When a state ρ can be constructed only as a probabilistic mixture of states with a fixed (but with in general different values of) local charge, i.e. due to the presence of a superselection rule (SSR) [57, [95] [96] [97] (as for example conservation of total number of particles) coherence again implies multipartite entanglement for nondegenerate subsystem charges (as for example the number of particles per site). This is a consequence of the fact that probabilistic mixtures of necessarily incoherent separable states with fixed charge are incoherent as well. In particular, the separable stateρ N and ρ W above cannot be constructed from separable states of fixed charges, and thus are SSR-entangled [95] . More generally, all multipartite-discordant states are SSR-entangled. Therefore, in the presence of a SSR, the QFI and curvature for non-degenerate observables that commute with the charge, become faithful witnesses of SSR-MPE. These relations also hold in an extended entanglement theory for states with conserved charge, where local operations and classical communication (LOCC) that obey SSR , i.e. do not change the charge, are replaced by separable operations preserving the charge conservation in quantum states, see Appendix C.
In the bipartite case, the QFI of the charge difference in a given bipartition, becomes not only a witness of BPE entanglement for states with the conserved (rather than a fixed) charge, but it also quantifies the non-locality of the state -another resource, beyond BPE, implied by SSR with respect to LOCC [96] [97] [98] -as a convex roof of superselection induced variance, cf. [99, 100] .
V. BOUNDS ON ENTANGLEMENT MONOTONES AND DISCORD MEASURES FOR SYSTEMS WITH FIXED OR CONSERVED CHARGE
In this section we show how the relation between coherence and quantum correlations, be it entanglement or discord/quantumness, can be made stronger. By this we mean, going from simply witnessing entanglement or discord, to establishing a stronger quantitative relations between monotones for entanglement and monotones for coherence or asymmetry. The bounds we derive below, Eqs. (45), (46), (54) and (59) , are the second set of central results from this paper.
A. Faithful upper bounds on multipartite entanglement
One way to define a monotone of multipartite entanglement of a state ρ is in terms of the relative entropy between the state and the closest separable state, E MP (ρ) ≡ min σsep S(ρ||σ sep ), where S(ρ||σ) ≡ Trρ log 2 ρ − Trρ log 2 σ [8, 9] . In general this minimum is difficult to evaluate, in particular for mixed states of many-body systems.
FIG. 5.
Coherence and upper bound on the MPE in an MBL system. We show coherence (15) , which is a faithful upper bound on MPE, cf. Eq. (45), for the XXZ chain of Sec. VI. The curves are rescaled by the effective system size, log 2 D eff , of the zero z-magnetisation subspace, see Eq. (55) and Fig 6. In the presence of dephasing, coherence decays at a rate proportional to the dephasing strength, γ, and is weakly dependent on the interaction strength, but not on the system size. Inset: coherence in the closed dynamics (γ = 0) at t = 1/J (triangles) and t = 10 3 /J (circles) follows the same scaling with system size. Parameters of the dynamics, cf. Eqs. (62) and (66) It is known that for ρ obeying a local symmetry it is enough to consider the minimum over the separable states also obeying this symmetry [101] . For ρ conserving a local charge [Q, ρ] = 0, we thus have E MP (ρ) = min σsep: [Q,σsep]=0 S(ρ||σ sep ). In general, however, for a state ρ with a fixed local charge, the charge of the closest separable state, although conserved, is not fixed. Since all separable states with a fixed charge are diagonal in the computational basis, there might be a trade-off in spreading the support of ρ sep to other eigenspaces of Q, and ρ sep can feature non-zero coherence. For example, consider a symmetric so called W -state of N = 3 spins |W ≡ (|100 + |010 + |001 )/ √ 3. It is known thatρ 3 , cf. Eq. (37), with p = 2/3 is a closest separable state, so that E MP (|ψ 3 ) = 2 log 2 (3/2) [102] . When considering the closest separable state from a smaller set of states with a fixed charge, which are diagonal in the corresponding basis, one arrives at a simple faithful upper bound for MPE in terms of coherence in the computational basis, cf. Eq. (15),
where S(ρ) ≡ −Trρ log 2 ρ. The bound (45) is faithful as it reaches zero whenever ρ is separable. Moreover, it can be directly accessed by measuring occupations in the computational basis whenever ρ is pure, see Fig. 5 . For the example of |W the inequality (45) corresponds to 2 log 2 (3/2) ≤ log 2 3. Analogously to (45) , also the geometric entanglement [102, 103] can be faithfully bounded from above in the presence of a fixed local charge by the geometric coherence [104] , see Appendix D.
B. Faithful upper bounds on multipartite discord
Similarly, when ρ commutes with charge, we obtain that coherence in the computational basis, Eq. (15), serves as a faithful upper bound on multipartite discord quantified by the relative entropy as D MP (ρ) ≡ min ρ cl S(ρ||ρ cl ) [26, 28, 82] ,
This bound is obtained by considering distance to a smaller set of the classical states with conserved charge. It is not generally true for states ρ with conserved charge that the minimum in D MP (ρ) can be restricted to such a set, as the set of classical states is not convex, cf. [101] . However, for any ρ the set of classical states can be restricted to classical states corresponding to dephasing of ρ in some separable basis [28] . For example, the closest classical state to the separable stateρ 3 with p = 2/3 corresponds toρ 3 dephased in the x-basis,
, that leads to D MP (ρ) = 0.942..., while −S(ρ 3 )+S(ρ 3,diag ) = 2/3 log 2 3, which corresponds to the dephasing in the computational z-basis [28] . Incidentally, we have that MPD in the pure state |W is equal exactly S(ρ diag ) = log 2 3, and the bound (46) is saturated, which illustrates the fact that even for pure states multipartite quantum correlations do not generally correspond only to MPE and E MP (|ψ ) ≤ D MP (|ψ ) [28] , in contrast to pure bipartite states [9] . Generally however, even for pure states with fixed charge, Eq. (46) is only an upper bound for MPD: for example, consider (|1100 + |0011 + |1010 + |0101 + |0110 + |1001 )/ √ 6 for which the (not necessary optimal) dephasing in xbasis gives S(ρ
3) < S(ρ diag ) = log 2 6. (In terms of MPE entanglement,ρ 4 , cf. Eq. (37), with p = 1/2 is a closest separable state and E MP (|ψ 4 ) = log 2 (8/3) [102] .) MPD can also be measured by l 1 -coherence minimised over the choice of a separable basis, which yields so called negativity of quantumness D N M P (ρ) [27, 105, 106] . Therefore, also in this case l 1 -coherence in the computational basis, (1), becomes a faithful upper bound on negativity of quantumness,
Analogously to (46) , in the presence of a conserved local charge also the geometric multipartite discord/quantumness [107] can be faithfully bounded from above by the geometric coherence [104] , see Appendix D.
We note that the bounds (45), (46) and (47), are a direct demonstration of the general fact that entanglement or quantum correlations quantified geometrically by a bona-fide distance to a set of separable or classical states, e.g. by the relative entropy, are bounded from above by coherence in any separable basis [25] [26] [27] . Moreover, it is known that the multipartite quantum discord quantified this way can be considered as minimum coherence in some separable basis [25] [26] [27] [28] 82] . A conserved local charge, however, guarantees that the bounds (46) and (47) on MPD are faithful, while, when the charge is fixed, the analogous bound (45) holds also for MPE, cf. Secs. IV B, IV C and Fig. 1 . We also note that there exist similar bounds from above on the amount of entanglement or quantum correlations created by incoherent operations between a system state and an ancilla, in terms of the corresponding coherence of the initial system state [82, 104] , see also [108, 109] in the context of bipartite settings and relations between coherence and entanglement.
Bounds as monotones of entanglement with a restricted class of separable operations
Entanglement monotones are required to be nonincreasing under LOCC operations [8, 9, 11] , which are considered free in the resource theory of entanglement. The relative entropy of entanglement is an entanglement monotone even under a larger set of separable operations, which transform separable states into separable states. However, since LOCC and separable operations in general do not conserve a local charge, the bound (45) is not saturated. By considering a restricted set of separable operations that preserve the charge conservation in a quantum state, the coherence in (45) indeed becomes an entanglement monotone, as such operations are incoherent and thus cannot increase the coherence, cf. Appendix C.
C. Lower bounds on bipartite entanglement
Bipartite entanglement can be quantified by its relative entropy to the the set of bipartite-separable states, so called relative entropy of entanglement E BP (ρ) ≡ min σAB−sep S(ρ||σ AB−sep ) [8, 9] , which operationally corresponds to entanglement of distillation, i.e. the asymptotic rate at which Bell states can be distilled from many copies of ρ by LOCC. In particular for a partition of the system into two subsystems A and B, BPE of a pure state ψ is given simply by the von Neumann entropy of the reduced state to subsystem A or B, E BPE (|ψ ) = S(ρ A ) = S(ρ B ) with ρ A = Tr B (|ψ ψ|) [9] . As the set of bipartite separable states for a given bipartition always contains separable states, we have that E BP (ρ) ≤ E MP (ρ), and thus (45) is also an upper bound for bipartite entanglement with respect to any partition of the system. Similarly, (46) is also an upper bound for the bipartite discord quantified by relative entropy [28] . Theses bounds, however, are not in general faithful. We remedy this situation by deriving lower bounds on bipartite entanglement measures in Eqs. (54) and (59), as well as (60) and (61).
Lower bounds on entanglement of formation
In Sec. IV D we showed how bipartite separable states cannot feature coherences between subspaces with different value of the subsystem charge, cf. Fig. 1 . Exploiting this structure, we can obtain a lower bound on the bipartite entanglement of formation in terms of the charge asymmetry, see Eq. (54) . Bipartite entanglement of formation [7] is defined as
where ρ
is the state of |ψ j reduced to the subsystem A, while the minimisation (so-called convex roof) is performed over all decompositions of ρ into pure states, ρ = j p j |ψ j ψ j |. The entanglement of formation after regularisation corresponds to the entanglement cost, i.e. the asymptotic rate at which Bell states need to be supplied in order to prepare ρ via LOCC [110] . From the joint convexity of relative entropy, it is an upper bound on the relative-entropy entanglement [10] 
and these measures coincide for pure ρ. When a state ρ is of fixed local charge Q, we have that in ρ = j p j |ψ j ψ j | all pure states |ψ j ψ j | are of the same fixed charge as ρ, cf. Sec. IV B. Furthermore, for a pure state |ψ , the entropy of the reduced state ρ A can be expressed as the Shannon entropy of its Schmidt coefficients [111] , S(ρ A ) = − i λ i log 2 λ i , The asymmetry initially follows the area law (Jt < 1), which is broken at later times, in analogy with the entanglement entropy. Inset: The asymptotic value (taken from Jt = 10 4 ) of the the asymmetry scales slower than log 2 (N/2) with system size (note that the abscissa is in logarithmic scale), cf. Fig. 8. (That of the entanglement entropy, not shown, scales as N as expected.) (b) Similar, but with dephasing, so that −S(ρ) + S block (solid lines), and −S(ρ) + S(ρA) (dashed lines). Here the decay rate of the asymmetry is independent on the system size, but depends on the interaction strength, cf. Fig. 8 . (c) Entanglement entropy (solid lines) for the staggered bipartition (ABAB · · · AB instead of AA · · · AB · · · BB) and corresponding asymmetry of the staggered magnetisation. The curves are scaled by their maximal values, N/2 and log 2 (N/2), respectively. Inset: The asymptotic value (taken from Jt = 10 4 ) of the entanglement entropy per site shows an additional weak dependence on N . (d) Same, but for the dissipative case (subtracting the von Neumann entropy S). In the presence of dephasing, the decay of both sets of curves is independent of the system size, but depends on the interaction strength. Parameters of the dynamics, cf. Eqs. (62) and (66) is fixed, the subsystem charges are fixed (but not necessarily the same) for all Schmidt vectors, i.e. |e
is of a fixed charge Q (A) (analogously for B), cf. [96, 112] . We
and by grouping orthogonal terms we have
for each i. Thus, we obtain the proportionality
, and analogously for B, with q
= q for all i. Therefore we can write,
where ρ block is obtained from ρ = |ψ ψ| by removing all coherences between different eigenspaces of A-subsystem charge, Q (A) , while q (A) denotes all possible values of the subsystem charge and q (A) i denotes the value for i-th Schmidt vector (analogously for B). As Q (A) + Q (B) is fixed, we can also equivalently consider the eigenspaces and eigenvalues of the charge difference δQ ≡ Q (A) − Q (B) . Therefore, we have
where the second inequality is the joint convexity of the relative entropy. By observing that j p j ρ j block = ρ block we arrive at the lower bound in terms of the asymmetry of a subsystem charge (or equivalently the charge difference), (17) ,
see Fig. 6 (a). For pure states, the bound (54) can be directly accessed by measuring the statistics of the charge
. Furthermore, BPE of formation is actually bounded by the convex roof of asymmetry, cf. Eq. (53) and (16) . This way the bound (54) is related to the known equality between the coherence of formation for a state ρ = ij ρ ij |i j|, and the entanglement of formation for the corresponding maximally correlated state ρ mc = ij ρ ij |ii jj| [55] . In the presence of a fixed local charge, Q = Q (A) + Q (B) , a given A-subsystem charge value Q (A) in the subsystem A fully determines a value of the B-subsystem charge Q (B) . A similar relation holds for the relative entropy entanglement [104] , and we leave it as an open question whether the charge difference asymmetry is also a valid lower bound for the relative entropy entanglement in states with a fixed local charge.
For a system of N spins-1/2 (with N even), the maximum entanglement in the bipartition into half-chains is proportional to the number of spins, S(ρ A ) = N/2 for a pure state with uniform Schmidt coefficients. When the total magnetisation along one axis is fixed, the Hilbert space dimension D = 2 N is reduced to D eff = N aN (with a the "filling"), which in the large size limit is still exponential in size,
with µ(a) = −a log 2 a − (1 − a) log 2 (1 − a) . In particular for the biggest subspace of zero total magnetisation (a = 0), S(ρ A ) = N/2 is still zachievable, cf. Fig. 6 . In contrast, the maximal asymmetry scales logarithmically with the system size S(ρ block ) ≤ log 2 N/2, cf. Fig. 6(c,d) . It is still possible to certify breaking of the "area law" (which for the one-dimensional MBL example of the figures means constant entanglement independent of N ), see Sec. VI and Fig. 6(a,b) . Furthermore, for mixed states the bound (54) can be tighter than the known bound with the reduced state [113] ,
see Fig. 6(b) . In particular −S(ρ) + S(ρ block ) is always positive
in contrast to what occurs with −S(ρ) + S(ρ A ).
Experimentally accessible lower bounds on negativity of entanglement
When ρ is mixed, the asymmetry of charge difference, (17) and (54), cannot be accessed experimentally, as S(ρ) with a few exceptions (such as non-interacting fermions [56] , cf. also [90, 91] ) cannot be measured directly. Therefore, we will now derive an analogous lower bound to (54) on the convex roof of negativity of entanglement [37, 38] , which can be accessed experimentally as we explain in Sec. II B.
The negativity of entanglement is related to a partial transpose of one of the subsystems in a bipartition, ρ T A or ρ T B . Although the trace is conserved under partial transpose, the resulting matrix may no longer positive: under partial transpose a state ρ may then fail the Peres criterion of separability [114] , thus requiring the state to be bipartite entangled. In particular, for systems of dimensions D = D A × D B = 2 × 2 and 2 × 3, partial transpose is a faithful witness of bipartite entanglement [115] , but in general there exist entangled states, so called PPTbound states, which remain positive under the partial transpose [116] . Negativity of entanglement is defined as
1/2 denoting the trace norm, whose definition is independent from the choices of subsystems and their bases. Moreover, negativity of entanglement is an entanglement monotone with respect to PPT operations [37] , while for the case of two qbits (D = 2 × 2) it corresponds to the concurrence [30, 31] . The positive partial transpose is a faithful witness of the bipartite entanglement for pure states, and
1/2 /2 with λ i denoting the Schmidt coefficients for a pure |ψ . Therefore, the negativity of entanglement can be extended via a convex roof to a bipartite entanglement monotone with respect to LOCC [38] ,
The entanglement negativity for pure states corresponds to minimal l 1 -coherence in a AB-separable basis, in analogy to the negativity of quantumness for mixed states [105, 106] , which shows again that bipartite quantum correlations of pure state correspond only to entanglement [28] . For mixed states it follows that the convex roof of entanglement negativity is lower bounded by the coherence concurrence [117] , l 
with the inequality saturated for pure ρ. 
where we used the inequality between the L 1 and L 2 norms for coherences between different q (A) values of the subsystem charge Q (A) [or equivalently Q (B) ]. In Sec. II B we disussed how l block 1 (ρ) can be accessed in experiment [35, 36, 51] . Although Eq. (59) is analogous to Eq. (54), it is not known whether l block 1 (ρ) or the minimal coherence in fixed charge bipartite separable basis, min [AB-sep,Q]=0 l 1 (ρ), correspond to asymmetry monotones (possibly with a restricted subset of translationally invariant operations both on average and probabilistically, in analogy to incoherent operations [23] versus maximally incoherent operations [20] ).
Similarly as in the case of the relative entropy of asymmetry, for a system of N spins-1/2 with the total magnetisation along one of the axis fixed, we have l size, while 'area' law for one-dimensional system corresponds to a constant, and thus its breaking can be detected by l block 1 (ρ), cf. Fig.7 . The plethora of entanglement monotones [11, 13] seems to be in disagreement with the fact that asymptotically, for large number of copies of a pure state, the bipartite entanglement is uniquely quantified by the relative entropy of entanglement [98] . For finite number of copies, however, bipartite entanglement needs to be characterised by a set of bipartite monotones determining the equivalence class for the Schmidt coefficients under LOCC [118] . For mixed states, for an appropriate function quantifying the mixedness of the reduced state ρ A , the entanglement monotones can be constructed via the convex roof [118, 119] , as it is in the case of entanglement of formation [7] and the convex roof of entanglement negativity [38] . In Appendix E we show that for the mixedness of the reduced state quantified by the concurrence [30, 31] [120], [119] can be bounded from below, (ρ) are upper bounded by 1, which therefore requires adjusting the notion of 'volume law' even for one-dimensional systems in the thermodynamic limit, but for moderate sizes N breaking of 'area law' can still be detected, see Fig. 10 .
3. Lower bounds on bipartite discord in the presence of conserved local charge
As the convex roof construction does not apply to the resource theory of discord in which classical communication between subsystems is not free, we leave for future research the question whether, in the presence of a conserved local charge, the lower bounds via the asymmetry of the charge difference, (54) and (59), hold also in the bipartite case of the relative entropy discord [28] and the negativity of quantumness [105, 106] .
Lower bounds on BPE as entanglement monotones in the presence of SSR
In the presence of a SSR related to a local charge, a state of the conserved, but not fixed, charge, can be created only as probabilistic mixture of states with fixed values of the charge. This restriction is captured by monotones of entanglement constructed via the convex roof, obeying the given SSR, of the pure state monotones [96, 97] . Therefore, in the presence of a SSR the subsystem charge asymmetry, (17) , becomes a lower bound on the bipartite entanglement for all states. Furthermore, this lower bound captures entanglement related to the resource of non-locality induced by the SSR, as quantified by the QFI of the charge difference [96, 97, 99, 100] . Firstly, the asymmetry disappears if and only if this QFI equals 0. Secondly, the asymmetry of charge difference is an entanglement monotone (i.e. is non-increasing, but not necessary faithful) under LOCC that obey the SSR (i.e. conserve the charge). It is also an entanglement monotone with respect to a larger class of all separable operations which preserve the charge conservation in a quantum state, see Appendix C. 
VI. APPLICATION TO A MANY-BODY LOCALISED SYSTEM, WITHOUT AND WITH DISSIPATION
Throughout the paper up to now we have exemplified our results with the following model system, and XXZ chain of spins-1/2 in the presence of a disordered longitudinal magnetic field. This is a paradigmatic system widely believed to display a transition from a thermal phase at small disorder to an MBL phase at large disorder; for reviews on MBL see [4] [5] [6] . The Hamiltonian of this model is given by [124] 
where S
x,y,z k are the spin operators for k-th spin-1/2, and the last term is a quenched random longitudinal field, with h k random i.i.d. drawn uniformly from [−h, h]. Note that we consider open boundary conditions in order to remove residual symmetries. This Hamiltonian maps via a Jordan-Wigner transform to one of interacting spinless fermions in a random field,
where the fermion density on k-th site is given by n k ≡ c † k c k , and we neglected a constant shift. We see that J drives hopping of fermions, while V is the strength of density-density interactions. This is a convenient system to which apply the results of Secs. IV and V, for two reasons. Firstly, Hamiltonian (63) conserves the total number of fermions, N k=1 n k , which corresponds to the conservation of the total z-magnetisation, (62) . Therefore, if the initial state has a fixed z-magnetisation (or a fixed number of fermions) then unitary dynamics under H will preserve it. [Note that while it is natural to consider a superselection rule for the number of fermions [96, 97] in the case of (63) , in the case of (62) no restrictions apply to possible operations on a quantum state.] A state with fixed z-magnetisation is for example the staggered state
where |1 , |0 , denote spin up and down, respectively, often used as an initial state, both in numerics [4, 124] and in experiments [125] . Secondly, a key characteristic of the MBL state is how entanglement develops over time as the system evolves from an initial unentangled state [32, 33] . For h > h c the system described by (62), or alternatively (63) , is many-body localised. This is most immediately observed in the inability of the system to forget initial conditions, a key marker of non-ergodicity. An example is the behaviour of the average imbalance I z as a function of time, starting from the staggered initial state Eq. (64) , where the imbalance operator corresponds to a magnetisation with the same stagger as the initial state, reading in spin language
so that |ψ 0 = |1010 · · · quantifies the degree of timecorrelation with the initial conditions. Figure 9 shows how |ψ 0 = |1010 · · · becomes stationary at a value far from zero, contrary to what would occur if the system thermalised and became ergodic. While in the thermal phase (h < h c ) the growth of entanglement is fast (see for example Fig. 11 in Appendix F), in the MBL phase entanglement grows more slowly, cf. Fig. 6 , first towards an area law plateau similar to that of an Anderson localised system (V = 0 in H), only later growing logarithmically in time towards its asymptotic value (which obeys a volume law, but is nonetheless smaller than that of the thermal phase) [4, 32, 33] .
In order to apply our results both to pure and mixed states, we furthermore assume that the system can feature a local noise (i.e. a jump operator L k is acts on kth subsystem) that conserves the total z-magnetisation, which gives the condition L †
(possibly with an additional Hamiltonian H k = ω k S z k ), with the system state ρ evolving according to the Master equation [126] 
which can be implemented by the protocol in Sec. II B. In particular, we consider weak dephasing where the MBL effects are expected to be robust [126] [127] [128] , in constrast to the limit of strong dephasing where dynamics becomes classical [129] [130] [131] . We note that a more general local noise which preserves conservation of M z in a quantum state can also feature thermal jumps, In Fig. 3 we investigate how MPE in the chain of N = 14 spins can be witnessed by measuring its QFI (or equivalently the variance, as dynamics is closed), (23) , of the local magnetisation observables:
and the z-imbalance I z Eq. (65), cf. [34] . The QFI for M x is maximal, and it certifies the presence of MPE at all times as it is larger than its separability threshold, which is equal N , see Fig. 3 . As we discuss in Sec. IV B, since both M Observable averages in MBL and thermal phase Imbalance (solid lines) and average half-chain magnetisations difference (dashed lines) for the XXZ chain of Sec. VI. They both show a quick approach to stationarity for, in contrast to the behaviour in quantum correlations, cf. Fig. 6 . In particular, there is no appreciable difference in timescales between the interacting and non-interacting cases Parameters of the dynamics, cf. Eqs. (62) and (66) to zero for the initial condition (64)], their separability threshold is reduced to zero. Therefore, they witness the MPE for all times as well, see Fig. 3 . Interestingly, the QFI per spin remains unchanged with the system size, while it grows for I z and (without rescaling by N ) for M
z , see Fig. 4(a) . This is related to the fact that such choice of observables also witnesses BPE for the staggered partition (ABAB · · · AB) and the partition into half chains (AA · · · AB · · · BB), respectively, since it exploits the asymmetry with respect to the magnetisation difference in a partition that is present only in bipartite entangled states, cf. Fig. 1 and Sec. IV D.
Moreover, even in the presence of the dephasing, when both the QFI and its experimentally accessible lower bound in terms of the curvature, Eq. (2), are reduced due to mixedness of the system state, they continue to witness BPE as the corresponding BP-separability threshold is zero, see Fig. 4(b) .
B. Measuring the growth of entanglement in MBL dynamics
The coherence in the basis of the z-magnetisation, which is a faithful upper bound on MPE, cf. Eq. (45) , follows the volume law at all times [with respect to the effective size given by the logarithm of D eff , Eq. (55)] both for closed dynamics and in the presence of the dephasing. This leads to exponential decay at rate dependent only on the interactions, but not on the system size, see Fig. 5(a,c) .
In Fig. 6(a,c) we show the growth in the entanglement entropy (solid lines) for the bipartition into halfchains (AA · · · AB · · · BB) and the staggered bipartition (ABAB · · · AB · · · AB). While in the presence of interactions the entanglement entropy between half-chains shows pronounced logarithmic growth [32, 33] between the initial "area law" regime and the asymptotic saturation to "volume law", the entanglement between staggered partitions initially follows the "volume law", see Fig. 6(c) . This is due to the presence of N boundaries faces between the A and B parts of the system in the staggered partitioning. Note the stronger than "volume law" scaling appearing at later times, see Inset to Fig. 6(c) .
Interestingly, this latter behaviour is not directly captured by the usual MBL mechanism of energy levels shifted by (arbitrary small) interactions [33] , as the minimum localisation length is a single-site and thus entanglement growth is due to the neglected boundary effects. In Fig. 6(b,d) we further show the behaviour of the lower bound −S(ρ) + S(ρ A ) [113] on the relative entropy of BPE in the presence of dephasing. Note that due to the symmetry of flipping all spins in the Hamiltonian (62) , and symmetric distribution of the disorder, we obtain that S(ρ A ) = S(ρ B ) on average for both partitions also in the mixed case.
As we showed in Sec. V C, the relative entropy of BPE can be lower bounded by the asymmetry of the magnetisation difference in the bipartition, Eq. (54), which we also display in Fig. 6 (dashed lines) . In the closed case this corresponds to the entropy of the magnetisation distribution due to (in the fermion language) fermions hopping across the boundary, and therefore contributes as boundary effects to the entanglement entropy, being bounded by log 2 (N/2), cf. Sec. V C. Nevertheless, for the half-chain bipartition, it analogously initially follows an "area law" which is broken at later times, see also 8. Although the saturation takes place an order of magnitude earlier than for the entanglement entropy and it is unclear whether its growth is unbounded, for the considered system size the growth is still longer than in the thermal phase, see the inset of 8. (For quantum correlations in the thermal case see also Fig. 11 in Appendix F) .
Furthermore, the asymmetry also saturates at longer times than the averages of imbalance and half-chain magnetisation, see Fig. 9 , the latter being used in experiments as markers of localisation [125, 132] . For the staggered bipartition, the asymmetry follows a "logarithmic law" at all times due to fermions hopping through the N faces of the partition boundary, see 6(c,d ). In the presence of dephasing, the decay of asymmetry in both partitions is independent of the system size, but changes with interactions, see 6(b,d) , and occurs with the coherence, see Fig. 5 .
Although the asymmetry in not usually directly accessible in experiments, the lower bound, (59), on the convex roof of negativity of BPE can be accessed in terms of multiple quantum coherence spectra, as explained in Sec. II B. This bound demonstrates an analogous behaviour to the asymmetry as shown in 7. See also Fig. 10 for the bounds accessible via curvature of parity, (61) and (60) .
Finally, we note that the multiple coherence spectra featured in the bound (59) has been recently proposed as a witness of MBL in terms of the average correlation length [52] . This approach is successful even for highly mixed states, but MBL is considered in terms of the logarithmic growth of entropy of a subsystem (i.e. all bipartite correlations) rather than in terms of bipartite entanglement (i.e. only quantum bipartite correlations). Experimentally feasible witnesses of many-body localisation have been also discussed in [133] .
VII. CONCLUSIONS
In this work we investigated relation between entanglement, coherence and asymmetry in systems with fixed or conserved local charge. In Sec. IV we showed that when charges of individual subsystem are nondegenerate, while the charge of the whole system is fixed, a state is multipartite entangled if and only if it is coherent in the separable basis commuting with the charge. When the charge is conserved, coherence is instead connected to multipartite discord, or quantumness, in the system. This allows for faithfully witnessing MPE and MPD by measuring the QFI or curvature of any nondegenerate observable that commutes with the charge.
Furthermore, for a bipartition of the system into two parts, asymmetry with respect to the charge difference implies the presence of bipartite entanglement for states with a fixed charge and bipartite discord for states with the conserved charge, which again allows witnessing MPE or BPD by measuring the QFI (or curvature) of observables commuting with charge difference. In Sec. IV we further showed how coherence and asymmetry monotones can be related to bounds to monotones of MPE, MPD and BPE, thus making the relation between coherence and quantum correlations quantitative. In particular for BPE we derived a lower bound that can be accessed experimentally by methods described in Sec. II.
Finally, in Sec. VI we applied these ideas to the problem of many-body localisation in a disordered XXZ spin chain, and demonstrated a slow growth of the lower bound on bipartite entanglement in the presence of interactions, which breaks the "area law" behaviour followed by the system without interactions.
We leave open the question whether the lower bound on bipartite entanglement of formation in the presence of a fixed local charge, Eq. (54), holds also for the relative entropy entanglement, and whether it generalises to the relative entropy discord in the presence of a conserved local charge. Similarly, it would be interesting to investigate, whether the negativity of quantumness for states with conserved charge is lower bounded as in Eq. (59), which can be accessed experimentally. It is also not known whether experimentally accessible l block 1 (ρ) and l block 2 (ρ) that appear as lower bounds on bipartite entanglement in Eqs. (59) , (60) and (61) are asymmetry monotones.
NOTE ADDED
Upon completion of this work we learnt about the closely related recent work of Ref. [134] , where a protocol for experimentally measuring negativity of two subsystems of a closed bosonic system was presented, together with the discussion of the negativity in ground states of one-dimensional critical systems. Another related recent work, Ref. [112] , discussed entanglement entropy in the presence of charge conservation (or other symmetries), also with results within conformal field theory. We note that in this work here we derive lower bounds on bipartite entanglement in both closed and open systems with a fixed charge in the context of asymmetry. We also propose an experimentally accessible lower bound in Eq. (59) to the convex roof of negativity. Furthermore, we discuss witnessing and quantifying multipartite entanglement (or discord when the charge is not fixed but conserved) in terms of coherence.
, whenever ρ also is of the fixed local charge.
Similarly, for the geometric multipartite quantum discord quantified by infidelity to the classical states, D G MP (ρ) ≡ 1 − max σ cl F (ρ, σ cl ), we again obtain a faithful upper bound by the geometric coherence for ρ with conserved local charge,
We note, however, that in contrast to the relative entropy coherence, (15) , the geometric coherence is usually difficult to evaluate.
while from the operator convexity of the square function, Bringing together Eqs. (E1) and (E2), or Eqs. (E1) and (E3) we arrive at the bounds in Eqs. (60) and (61), respectively. We note that when a state ρ is pure, from concavity of logarithm, E BP (ρ) = S(ρ A ) = −Trρ A log ρ A ≥ − log Tr(ρ 2 A ) = − log(1 − C 2 2 (ρ)), where − log Tr(ρ 2 A ) is Renyi's 2-entropy [118] , and analogously for the lower bounds (54) and (60) we have S(ρ block ) ≥ − log Tr(ρ 2 block ), cf. [102] .
